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Introduction
The studies of interaction and motion of drops under gravity are of great importance in industrial applications, such as fuel liquid-liquid extraction, emulsification and polymer blending as well as in natural phenomena like raindrops. Therefore, various researchers have highly focused on this topic and numerous experimental and numerical studies have been performed in this field [1] [2] [3] [4] [5] [6] .
Numerous techniques can be used for manipulating drops actively, such: nonuniform temperature field [7] , thermocapillarity [8] and electrowetting [9] . Also, applying external magnetic field is an effective and contactless way to control the droplet movement. When a ferrofluid droplet is presented in another fluid with different magnetic properties and they subjected to magnetic fields, the droplet undergoes a shape deformation [10] . This process could significantly influence on the characteristics of droplets. Ferrofluids consist of ferromagnetic nanoparticles coated by a layer of surfactants and suspend in a non magnetic carrier liquid [10] . Rosensweig [10] presented the mathematical formulation for the hydrodynamics of ferrofluid. Also, he numerically studied the problem of deformation of a ferrofluid droplet in a uniform magnetic field by coupling the magnetic field, the free surface, and the fluid flow. Flament et al. [11] experimentally investigated the equilibrium shape of a ferrofluid droplet in a uniform magnetic field in a Hele-Shaw cell. They observed the droplet is elongated in the direction of the magnetic field.
In the past decade, a number of techniques have been developed to simulate deformation droplet or bubble under magnetic field by invoking traditional computational methods such as VOF [12, 13] method, LS [14, 15] method and front tracking method. The simulation of complex twophase flow is an interesting and challenging problem because of the intrinsic problem in tracking the moving interface like applying surface tension and conservation of mass appropriately. Also, the behavior of the interface in ferrofluids is completely different from that of common liquids due to sudden changes at magnetic properties of ferrofluids. Recently, the lattice Boltzmann method (LBM) has emerged as a promising alternative technique for fluid flow simulations such as natural convection [16] [17] [18] , nanofluid [18] [19] [20] [21] , unsteady flow [22, 23] , non-Newtonian flow [24, 25] , multiphase flow [26, 27] and so on. LBM based immiscible multiphase flow model can be divided into four distinctly different LBM approaches: the Chromo-dynamic model [28] , pseudo-potential model [29] (also known as the Shan-Chen), the intermolecular interaction models [30] and the free energy (FE) approach [31] . Among these models, pseudo-potential model is the most famous model due to its simplicity and adaptability. Therefore, we used pseudo-potential model to study the effect of uniform magnetic field on falling and the coalescence of a pair ferrofluid droplets.
To the author best knowledge, simulation of falling and the coalescence of a pair ferrofluid droplets subjected to uniform magnetic field is not studied yet. This paper reports the development of a robust 2-D numerical code to simulate falling and the coalescence of a pair ferrofluid droplets subjected to uniform magnetic field. To this approach, a hybrid lattice-Boltzmann with Shan-Chen model and finite-volume method is implemented. The lattice Boltzmann method was used to track the moving interface between two immiscible phases and update the flow field by adding magnetic field force in LB equations while the magnetic induction equation is solved using the finite volume method to calculate the magnetic field. The effects of the magnetic Bond number, susceptibility, and magnetic field direction on a deformation of the falling droplet are investigated in details 2. Mathematical formulations
Shan and Chen interparticle potential LBE model
In this study, the multi-component lattice Boltzmann model proposed by Shan and Chen [32] is applied to simulate ferrofluid droplet falling in the vertical channel. The distribution functions of the lattice Boltzmann equation using the single relaxation time collision for multiphase flow are as follows [33] :
(1) where, f i is the particle distribution function of component σ along the ith-direction δt is time step size, and. f eq is equilibrium distributions function of f, and given by [23] :
where, e i denotes the particle velocity in the ith direction. Lattice models are usually described as D n Q m , where n is the dimension and m is number of i directions. In this simulation, D 2 Q 9 is used. Hence, the particle velocity is defined as follows [23] : (3) where, w i are weighting factors for each velocity(w 0 = 4/9, w i = 1/9 for i = 1-4, and w i = 1/36 for i = 5-8). The macroscopic density ρ and velocity u in the lattice unit for each component are obtained from:
In the multicomponent model for each component, , appearing in Eq. (2), is given by [33] : (6) where τ σ is the relaxation time of component σ and relates to kinematic viscosity . Also, u' is velocity common to the various components defined as: (7) where F σ is the total interaction force exerted on the σth component expressed as including fluid-fluid interaction ( ) fluid-solid interaction ( ), gravity force ( ) and magnetic force ( [33] :
is the fluid-fluid interactive force proposed by Shan and Chen [32] . The fluid-fluid interaction force can be given by [33] : , (9) where, is the interaction strength between two components σ and . denotes the interparticle potential of components σ and . Several functional forms of have been proposed and the interaction force is calculated from the interaction potential to induce proper phase separation. In the current simulation work, the first component is assumed to be a non-ideal fluid whose potential can be expressed by: (10) and the second component is assumed to be an ideal fluid which has no interaction in itself, but it interacts with the other component:
(11) where, is the fluid-solid interactive force. Similarly, the fluid-solid interaction force is calculated by [33] :
(12) where, s is a switch function that equals zero for fluid nodes and unit for solid nodes.
is the interaction strength between solid and fluid component σ. In the pseudopotential model, wetting conditions on the solid boundary can be easily implemented by relative strength of G 1w and G 2w . When G 1w -G 2w <0, of first component is modeled as the wetting phase and the second component is the non-wetting phase. And σ is the magnetic force that will be described in the next section.
Magnetic field governing equations
The magnetic field is described by the magnetostatic Maxwell's equations for a non-conducting ferrofluid. The equations of Maxwell for non-conducting fluids are [34] :
(13) (14) where H and B are the magnetic field and the magnetic induction, respectively. We consider a ferrofluid domain, surrounded by a non-magnetic medium, and the B satisfies the following [34] . (15) where N/A 2 is the permeability constant of free space. M denotes magnetization of the ferrofluid. Assuming the ferrofluid to be a linear function of the magnetic field [34] :
(16) where χ is the susceptibility. The magnetic permeability of the ferrofluid is defined as . Thus, the magnetic induction inside the ferrofluid is . The magnetic field is determined in the form of (where is scalar potential). By combining Eq. (13), (14) and using , the magnetic field equation governing the problem can be stated as [34] : (17) where varies sharply at the interface. As a result, the scalar potential changes as the interface is moving. Then, the magnetic permeability can be expressed as follow [35] : , (18) where the subscripts c and d refer to the continuous and dispersed phases, respectively. is the modified Heaviside function and is defined as: (19) where is a parameter and defined as: (20) 
Modeling of applied magnetic field effect
The effect of magnetic field on flow field is considered by adding magnetic force to Lattice Boltzmann equation. The force acting on a linearly magnetizable ferrofluid in the isothermal system is expressed by Rosensweing as follows [10] :
. (21) The magnetic force can be rewritten by substituting Eq. 18 into Eq. 21 [10] : (22) The modified smoothed delta function is defined as follows: (23) 3 Problem description Figure 1 shows the flow geometry and computational domain. At the initial time, the initial shape of ferrofluid droplets is assumed to be spherical and released in a stationary non-magnetic fluid, which falls driven by the gravity. The initial distance between the centers of the droplets is considered to be 2 times of the droplets' initial diameter. Bounce-back boundary condition is employed at the side walls and periodic boundary condition is applied at the up and down boundaries in flow field. To avoid the wall effect on droplet shape, the ratio of the width of the domain (W) to the droplet diameter (D) is chosen 8 in all next simulations. Also, the minimum channel height (L) must be sized so that the falling droplet can be reached steady state which in this research is eighteen times the initial drop diameter. In order to obtain magnetic field, the magnetic potential should be initially calculated by numerically solving Eq. (17) . The governing equations are discretized by the finite volume method in a 2-D Cartesian coordinate. The spatial discretization of the governing equations is conducted on a uniform grid in a 2-D Cartesian coordinate by the finite volume method. The magnetic potential Eq. (16) is discretized using second-order central difference and solved by using the ADI method. The magnetic scalar potential boundary condition under vertical and horizontal magnetic field is applied, respectively, as follows: (24) (25) In the case of the deformation and interaction of a pair of co-axial ferrofluid droplets falling in a nonmagnetic liquid under a uniform magnetic field, surface tension between the fluids, viscosity of fluids, initial diameter of the droplets, distance between droplets, density of fluids, magnetic field intensity and susceptibility are the main parameters. In order to nondimensionalize the above parameters, the following dimensionless numbers are introduced: (26) where, , , Eo, Oh, Bo m , and are density, viscosity , Eotvos number, Ohnesorge number, magnetic Bond number and susceptibility, respectively. g, , , and H are gravitational acceleration, surface tension coefficient, density difference of the two phases, magnetic permeability and magnetic field respectively. Also, subscripts c and d refer to the continuous and dispersed phases, respectively.
Model validation
In order to verify present method, three test cases have been considered: Laplace law, multiple rising bubbles and deformation of static drop under the magnetic field is also simulated.
Laplace law
In order to verify the Laplace law, a droplet with different diameters is located in the center of the computational domain. The interfacial tension was evaluated based on the following analytical relation: (27) where γ, R and are a surface tension coefficient, droplet radius and the pressure difference between the inside and the outside of the drop respectively. In order to the simulation of this problem, a grid with the size of L×L lattice units and periodic boundary conditions at all around the computational domain are used. Figure 2 illustrates the change of pressure between the inside and outside of the droplet with the inverse of droplet radius. The surface tension is calculated as the slope of the dependence of ΔP on 1/R. To obtain the mesh independent solution, the mesh number varied in the x and y directions. As can be seen from this figure, it presents a good agreement with the Laplace's law. The linear relationship between ΔP and the inverse of the bubble radius confirms a constant value of the surface tension. The surface tension coefficient for different mesh sizes, 120×120, 160×160, 200×200, and 240×240 are 0.07, 0.065, 0.061, and 0.06, respectively in lattice Boltzmann unit. It can be concluded that surface tension coefficient is constant for mesh size smaller than 200×200. Hence, the surface tension coefficient is considered about 0.061 lattice units. In the Shan-Chen model [29] , γ is determined by the interaction strength . In this paper, we select G 11 =0, G 22 =-1.0, G 12 =G 21 =-0.3 (with 1 denoting the disperse phase and 2 denoting the continuous phase). 
Multiple rising bubbles
In order to validate the flow field, the rising of two co-axial bubbles with initially spherical shapes was simulated. 
Deformation of static drop under magnetic field
To ensure the accuracy of our method, a new simulation is conducted to calculate the equilibrium shape of a ferrofluid droplet within a uniform magnetic field and obtained results are compared with the experimental results of Flament et al. [11] . In our test, a stationary circular ferrofluid droplet with radius R is located at the center of a domain of 8R×8R. The permeability ratio of two media is assumed constant as . In this case, the gravity is not considered and an external uniform magnetic field is implemented from the bottom to the top. Figure 4 shows the comparison between experimental and numerical results of the droplet shape at the different Bo m numbers. The magnetic Bond number is the ratio of the magnetic force to the surface tension force. As expected, the drop is elongated along the direction of the uniform magnetic field until it reaches the stable equilibrium shape.
In order to examine the accuracy of the current hybrid-algorithm quantitatively, the values of aspect ratio (b/a) at the equilibrium state of ferrofluid droplets for different susceptibilities at Bo m =2.13 were compared by the numerical results of Ghaffari et al. [36] in figure 5 . b is the major axis and a is the minor axis. As shown in this figure, there is a good agreement between the present simulation and the results obtained by Ghaffari et al. [36] . 
Result and discussion
Falling and the coalescence of a pair of ferrofluid droplets in a magnetic field in which their initial centers located on a vertical line highly depend on the magnetic field as well as the flow field. The magnetic Bond number Bo m and the susceptibility χ are used to represent the influence of magnetic field on droplets deformation and the coalescence. Figure 6 illustrates the magnetic field lines around the falling droplets at different dimensionless times ( ) under vertical magnetic field with the flow conditions of Oh = 0.15 ( , Eo= 0.5, Bo m =2.4 and =2. It is evident that the uniform magnetic field lines distort across the interface due to the permeability changes in value and they are identical inside or far away from the droplet. In fact, the materials with low magnetic permeability show higher resistance against the applied magnetic field in contrast with those have high magnetic permeability. As a result of this, the magnetic field lines tend to pass through the droplet due to the permeability of ferrofluid droplet which is higher than that of surrounding phase. Hence, the concentration of the magnetic field lines inside the droplet is greater than that of the other phase due to the higher permeability of a ferrofluid droplet with respect to nonmagnetic viscous fluid. Therefore, the effect of magnetic field strength inside the droplet is stronger than the magnetic field outside the droplet, and the direction of the net force is toward the outside of the droplet. Fig. 7 shows the falling and the interaction of a pair of droplets on a vertical line in the absence of magnetic field effects. As time goes on, the trailing droplet falls in the wake region of the leading droplet. The falling velocity of the trailing droplet is increased until the distance between the two droplets decreases. Eventually, the trailing droplet reaches to the leading one and two droplets merge into a larger one. It is necessary to mention that if the initial distance between the droplets becomes higher so that the trailing droplet is not affected by the low-pressure zone in the wake of the leading droplet, two droplets do not collide with each other. As compared in Fig 6, it is found that the distance between the droplets decreases by increasing magnetic Bond number, as a result of this, the coalescence of two droplets occurred faster. Also, applied magnetic field affects on the shape of the droplets before and after the coalescence. In the absence of the magnetic field, the deformation of droplet is counteracted by pressure difference, viscous and surface tension forces. It is clear that the droplet shapes are deformed in the direction of the magnetic field when the droplets are exposed in a magnetic field. Generally, the pressure variations that vary along the drops interfaces make the drops oblate, but the magnetic force tends to stretch the drops along the direction of the magnetic field. With the further increase in Bo m , the deformation of the droplets becomes more significant. In fact, the effect of magnetic force is more important than that of surface tension force by increasing Bo m . Figure  7 also shows that the elongation of droplet leads to the droplet width reduction. As a result of the shape effect, the speed of falling droplet becomes fast. Magnetic susceptibility indicates the degree of magnetization of a material in response to an applied magnetic field. In fact, magnetic susceptibility is a quantitative measure of the capability of a material to be magnetized. As mentioned before, there is a direct dependence between the magnetic force imposed on a ferrofluid droplet and magnetic susceptibility. In order to investigate the effect of this parameter, deformation of falling a pair of ferrofluid droplets is illustrated in Fig 8 whereas similar effects of magnetic field on the droplet deformation can be seen in this figure. For low value of susceptibility, the terminal shapes of droplets approximately remain round while for higher values of susceptibility, the droplets elongate more in the magnetic field direction. As the droplets elongate in the vertical direction, the trailing droplet accelerates more and rises fast, therefore; the coalescence occurred more rapidly. To further expand on that, the variation of the time, which last from the droplets falling from a stationary state until coalescence against the magnetic Bond number at different susceptibilities of y-direction magnetic field is illustrated in fig 9. The diagram clearly shows that the coalescence of droplets occurred faster with increasing susceptibility at the same magnetic Bond number. Also, the coalescence of droplets accelerates by increasing the magnetic Bond number at fix susceptibility. As can be seen, for the highest Bo m and susceptibility, the reduction of coalescence time becomes more pronounced. , and 9.6). As expected, the droplets also elongate in the horizontal direction under the effect of the horizontal magnetic field and the perpendicular area to the droplets motion increases. As a result of the shape effect, the coalescence of droplets postponed as can be seen. In the case Bo m =9.6, the coalescence of the droplets is not occurred until t*=14. Therefore, the falling process takes more time in the horizontal magnetic field compared to the vertical magnetic field.
According to the fig 7 and 10 , the behavior of a pair of ferrofluid droplets falling in a vertical magnetic field is quite different from that in a horizontal magnetic field. To further expand on that, the spatial coordinate of a tip of droplets is presented in fig. 11 . This plot compares different cases such as horizontal and vertical magnetic field case with case without magnetic field according to the dimensionless parameters which are demonstrated in fig 9. As can be seen in the fig 11, the falling process takes more time in the horizontal magnetic field in comparison with the vertical magnetic field. Figure 12 shows the time histories of surface tension and magnetic field force vectors that act on droplets with a uniform magnetic field in y-direction. The obtained vectors are according to the dimensionless parameters demonstrated in fig 9 c . As it can be seen, these forces act only at the interface. The surface tension force is a function of the local curvature of the interface. The large curvature of the interface leads to an increase in the surface tension force. This surface tension force acts in the opposite direction of the magnetic field force. On the other hand, the direction of the magnetic field force vectors is from inside of droplets to outside of droplets because the magnetic permeability of ferrofluid droplets is higher than nonmagnetic viscous fluid one. By comparison between magnitudes of the vectors on the sides of the droplets, it is found that magnitudes of the vectors on the top and bottom sides of surfaces are greater than left and right one for vertical magnetic fields, so the magnetic force tends to stretch the droplets along the y-direction.
Conclusion
The falling and coalescence of a pair ferrofluid droplet falling in a non-magnetic fluid were simulated using a hybrid Lattice Boltzmann model and finite-volume method. The lattice Boltzmann approach base Shan-Chen model is implemented to track the moving interface between two immiscible phases while the finite volume method is used to solve the magnetic induction equation and calculate the magnetic field. The flow field updates by adding magnetic field force in lattice Boltzmann equations. To validate present method, three test cases are considered: Laplace law, multiple rising bubbles and deformation of static drop under magnetic field.
The comparison of the results shows a good agreement between the results. Then the effects of the magnetic Bond number, susceptibility and magnetic field direction on the coalescence and deformation of droplets were studied in detail. The main results can be summarized as follows:
I. The uniform magnetic field lines distort across the interface due to the permeability changes in value and are identical inside and far away from the droplet.
II. For vertical magnetic field, the distance between the droplets decreases by increasing magnetic Bond number and susceptibility, and the occurrence of coalescence of two droplets becomes fast. III. The coalescence between droplets and falling process of them decrease by increasing magnetic Bond number and susceptibility for the horizontal magnetic field while a reversed trend is observed for the vertical magnetic field. IV. The magnetic field force acts only at the interface and it is zero within both close and far away of the interface. The direction of the magnetic field force vectors is from inside to outside of droplet since the magnetic permeability of ferrofluid is higher than that of nonmagnetic viscous fluid. V. The surface tension force is a function of the local curvature of the interface and it acts only at the interface. Larger curvature of the interface leads to an increase in the surface tension force. VI. It is found that a hybrid Lattice Boltzmann base shan-chen model and finite-volume method is a reliable and suitable approach for the simulation of falling and coalescence of a pair of ferrofluid droplets under uniform magnetic field. 
